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Abstract 

Ordinary and gl(n, K) generalized Toda systems as well as a related 
hierarchy are probed with respect to certain quantization character- 
istics. "Quantum" canonical and Poisson transformations are used to 
study quantizations of transformed Toda systems. With a Lax pair 
setting, a hierarchy of related systems are shown and their quantiza- 
tions discussed. Finally, comments are added about quantum aspects 
of gl(n, M) generalized Toda systems with the approaches of deforma- 
tion quantization or quantum groups in mind. 
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Introduction 

In this short communication, certain quantization aspects and properties 
of some (ordinary, i.e. classical finite) open Toda as well as gl(n,M.) gener- 
alized Toda models are considered. (Ordinary) open Toda lattice systems 
have been studied with different approaches to quantization in various arti- 
cles already (see for instance [JJ El E] and references therein) to derive for 
example Schrodinger equations and eigenfunctions. In this article, two main 
directions have been followed. First, the use of "quantum" canonical trans- 
formations [U [5] in toy model generalizations of the A\ Toda systems and in 
the A 2 Toda model has been made. Most results on equivalent quantizations 
that have been obtained here would be extendable to Apf-i, N > 3 Toda sys- 
tems as well. They include the introduction and some aspects of "quantum" 
Poisson transformations, which can be seen as extensions of canonical ones. 

Then a related A 2 Toda hierarchy is defined and its quantization (along 
certain preliminary steps of the canonical, geometric, and deformation ap- 
proaches, see [6]) has been probed along the lines developed in the previous 
section (that is, using quantum canonical and Poisson transformations). Here 
too, such a hierarchy could be extended to larger A N _i cases, but further 
steps in its quantization would have to be investigated further and seem more 
difficult to carry out. 

In view of these results, discussions and comments have been presented for 
the quantization of gl(n, M) generalized Toda systems. After a Hamiltonian 
formulation of gl(n, M) generalized Toda systems, discussions of two possible 
quantization approaches are carried out as a second direction : deformation 
quantization [SI IE] and quantum groups [91 HOI ITT] . Some details are 
provided on the deformation quantization approach, which would appear 
more realizable. The construction of a * - product is described, given the 
linear Poisson brackets associated with the Hamiltonian structure of such 
gl(n,M.) systems. The use of quantum groups is also mentioned and some 
comments to produce an explicit * - product in this context are shortly 
recalled. 

Generalized A x Toda (Toy) Models 



The A 1 (also called N = 2 open or nonperiodic) Toda ([T2j [I3[ [H] [15]) 
system has the following Hamiltonian (H) in the center of mass system : 




(1) 



with co>(p,q) = dP A dQ. 
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The dynamical equation for Q can also be written in terms of a variable 
q, using the transformation : q = e®, with : 

Hfaq) = £±£ (2) 
dp A dq 

and the symplectic form : uJfaq) = — , q t 0. 

A generating function of the type [T6] F 2 (q, P, t) = P\n(q), would canon- 
ically transform the Hamiltonian ([I]) into the following expression : 

"( M ) = ^ (3) 

where Q = ln(g) and P = pq. The same dynamical equations are derived 
again with a>( Pi(3 ) = dp A dq (see [T?]). 

A quantization of the canonical type [6j [18], called "standard" in what 

follows, of system ([Tj) involves : [P, Q] = — i, P = —i-j^:, Q = Q, and brings 

the following stationary Schrodinger equation (setting h = 1 in this article) : 



d 2 

— + e 2Q 



dQ 



*(Q) = E*(Q), (4) 



with energy E, for which solutions can for example be found in terms of 
Bessel functions, given finite conditions at ±oo on \I> (see [2]). 

However, a quantization through the Hamiltonian description (j2J) using 
U(p,q) along with the following quantization conditions and realization for 

the operators p,q : [p, q] = —iq,p = —iq—,q = q, brings an equivalent 

dq 

stationary Schrodinger equation via the transformation : q = e®, on equation 
(jlj). The conditions imposed on ip(q) would have to agree with those imposed 
on ^(Q). (See for instance [19] for different symplectic settings in certain 
problems.) 

The third Hamiltonian description ([3]) leaves a Hamiltonian in terms of 
the variables p and q. Since it has been obtained via a canonical transfor- 
mation, it would lead to standard commutation relations and representation 

for p and q (\p, q] = —i, p = —i—, q = q). An ordering could be necessary 

dq 

and could lead to different quantizations. 
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From the Hamiltonian operator : H = -(qpqp + q 2 ), defined through the 



(quantum canonical (see [HE])) transformation : C T PC~ l = qp, where one 
notes a right-p position, a right-p ordering for H leads to : H = -{q 2 p 2 — 
iqp + q 2 ), and the corresponding stationary Schrodinger equation : 



q 2 d 2 ip r — qd q tpr + q 2 Tpr = 2E r ip r 



(5) 



where ifj r {q) stands for the wave function and E r , for the energy. The equation 
([SD is equivalent to the stationary Schrodinger equation (j3J with the trans- 
formation q = e®. As expected, a left-p ordered H above brings the same 
Schrodinger equation PJ using q = e Q again. It is mentioned that either a 

1 



right-p or left-p ordering on the Hamiltonian operator : H 



+ r 



the latter being derived with a left-p ordered (quantum canonical) transfor- 
mation : CiPCf 1 = pq, leads to a different stationary Schrodinger equation 
(q = e Q ). Also, a Weyl (or symmetric) ordering (0 [213 EI]) will be associated 
with same boundary conditions with the following Hamiltonian : 

H = g [fp 2 + 2pq 2 p + p 2 q 2 ] + ^q 2 



(6) 



The corresponding stationary Schrodinger equation can be seen as the (aver- 
age) sum of the stationary Schrodinger equations derived from the C r PC~ x 
and CiPC^ 1 (quantum canonical) transformations. The previous C r and Ci 
transformations led to transformations labelled as quantum canonical trans- 
formations ([H [5]) and preserve the commutation relations : [P, Q] = —i, 
\p, q] = —i, other fundamental brackets vanishing. It is known that no rule 
can in general be drawn for a correspondence between classical and quantum 
canonical transformations ([H[S]). 

Differently, the equation of motion, or dynamical equation, for q(t) in the 
above system with H equation ([3]) can be obtained via the Lax pair [22J : 



p(t) q(t) 
q(t) -p(t) 



M 



-q(t) 
q(t) 



(7) 



with the Lax equation : 



dh 
~dt 



[L,M] 



(8) 
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A toy generalization of such systems can be written, using the previous 
Lax matrix with a more general auxiliary M to form the following Lax pair 

m 

r„ _ i 1 r n „ni 

(9) 



p 1 




" -q n ~ 


q -p 


2 


q n 



with the Lax equation 



dL 
~dt 



[L, M], where n is any integer. 



Two Hamiltonians descriptions of the corresponding dynamical equations 
for the Lax systems (JTj) have the form : 



(a) H = ^(p 2 q 2n + q 2 ), with u = dp A dq 



(b) H=~(p 2 + q 2 ), 



with uj 



dp A dq 
q n 



(10) 



One notes that the above Lax equations can be obtained from the os- 
cillator Lax set (n = 0) by introducing a factor q n between the Poisson 
brackets, since {H, L} w oc [L, M]. A quantization could proceed with either 
(nonvanishing fundamental commutation relations shown only) (a) standard 

[PA] = ~hP = = 9> or ( b ) [PA] = -i(q) n ,P = -iq n -^A = Q, lead- 

ing to the following stationary Schrodinger equation (in either q or q variable) 



-iq 



dq 



-iq 



d_ 

dq 



ip(q) = eij){q) 



:n) 



where for the Hamiltonian formulation (a) above, the (quantum) Hamilto- 
nian is given by : H — -(q n pq n p + q 2 ). In analogy with quantum canonical 

transformations, an interpretation of the relation between the quantum re- 
lations associated to the phase spaces in the formulations (a) and (b) in 
equation fflOl) . which classically is realized as a Poisson map, could be called 
quantum Poisson map (or transformation). Similarly to quantum canonical 
transformations, such transformations can be defined independently from a 
Hilbert space structure and Hamiltonian ([HE]), but a physical equivalence of 
the quantum formulations obtained, as for canonical transformations, would 
have to be explored. 

One notes that the Schrodinger equation (flT!) can take a simpler linear 

form via a change of variable for n ^ 1 : u = q^ n ~ l \ which is equivalent 

1 — n 
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to a quantum canonical transformation: 



U = q n p, u=- g 1 -" (12) 

1 — 71 

applied on the Hamiltonian (H) of the formulation (a) in equation ( flOl) . The 
Schrodinger equation then takes the form : 



d 1 1 



+ 



du 2 [(1 - n)u]W^~V) 



ij)(u) = eip(u) (13) 



It is recalled that the n — 1 case has been discussed previously. As for 
n = —1,0,2,3, they respectively bring potentials of the linear, oscillator, 
Calogero and electrostatic types. (One could add that the above equation 
can be related to a particular form of the Riccati equation [23], and that 
solutions can be given using known series methods for many values of n.) 
Suitable boundary conditions would normally have to be imposed on the 
solutions found as well. It would be of interest to study quantum canonical 
and Poisson transformations for additional constants of motion of the A n 
Toda models, known to be superintegrable 



A2 Toda Systems and a Quantum Canonical Transformation 

The A2 (also called N = 3 open or nonperiodic) Toda system has a 
following Hamiltonian [2] : 

H(pi, x t ) = l -(p\ +P l + pi) + e (" 2 ) + e 0-*-*3) (14) 

3 

with the symplectic form : (^(p i)Xi ) = Yl dpi A dxi. Because of the center of 

i=l 

mass motion, one can introduce a projection map (change of variables) : 

£ = Xl -x 2 , v = X2-X3, Pa = ^& + V), Pv = ^(i + 2 V) (15) 
which brings the Hamiltonian : 

H(Pt,P v > f > r i)=P\- PiPr, + P% + e 5 + e v (16) 

with the transformed symplectic form : U(p e , PTI ,£,ri} — dp^ A d£ + dp v A drj. 
Note that below a dotted variable indicates a derivative of this variable with 
respect to the time variable. 
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A quantization step could be provided with the following standard fun- 
damental commutation relations (nonvanishing) and representations : 
[P^l] = -i,Pe = -idt,£ = £, \p v ,fj] = -i,p v = -id v ,f) = rj. 

Solutions to a Schrodinger equation in related sets of coordinates and mo- 
mentum representations have been given in references [21 [25] . It is (recalled) 
mentioned that a transformation to Jacobi coordinates [21 [25] provides a de- 
scription of the center of mass and of the motion with respect to the center 
of mass. A classical canonical transformation would link to a formulation 
in the center of mass in terms of generalized coordinates £, rj. Quantum 
mechanically, this change can be implemented using a quantum canonical 
transformation. (The center of mass Hamiltonian and its quantization (con- 
tributing to the eigenf unctions as part of a tensor product) being ignored in 
what follows.) 

An interest is to carry out, analogously to the A% Toda system, "quantum 
Poisson and canonical" transformations to a completely integrable 
(higher dimensional) system possessing two (commuting) conserved quanti- 
ties. 

First, with in mind higher dimensional cases (where the following could 
be useful), one considers a Lax pair formulation of the system (TH1) [26] : 



v c 
c v 1 a 
ci v 2 



A 



c 
-c 
-ci 





Cl 





(17) 



with Lax equation : L = [Aq, L], where : 

Co = e (*l-*a)/2 j Cl = e (x2-x s )/2^ o 



-Pl,Vi 



-P2,V 2 



-Pa 



;is) 



Then a Hamiltonian : H = -tr(L 2 ), and a second invariant : I = tr(L 3 ) 

commuting with H (with respect to u)(p i7Xi ) or ^( Pe , Pv ^,ri)) are chosen, besides 
the invariant tr(L). Explicitly, / has the form : 

/ = -pi - pj - pi - 3e^~ X2) (p! + P2 ) - 3e^~ X3) (p 2 + p 3 ) (19) 
1 = 3[p 2 v Pz - PnP\ - e^p v + e> ? ] (20) 

Using standard quantization relations and representation for the (pi, X{) 
phase space, as well as for the (p£,p v ,£,,v) phase space, it is seen that no 
ordering choice is needed to define quantum versions of H and /, here denoted 
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H and /, respectively. It is also checked that, as expected : [H, I] = (see 

Along with the Ai Toda model development in the above section, a canon- 
ical transformation is introduced : 



Qi = e e/2 , Q 2 = e^ 2 , Pi = 2p^'\ P 2 = 2 Pv e~^ 2 
which leads to : 

H(Q 1 , Q 2 , P 1; P 2 ) = l -[Q\Pl + Q\Pl - Q X Q 2 P X P 2 \ +QI + QI 



(21) 



(22) 



where V(p u p 2 ,q u q 2 ) = dP 1 A dQ 1 + dP 2 A dQ 2 . 

One can give a standard quantization in terms of the new variables 
[A,<0i] = -i,[P2,Q2] = -i,P\ = -id Ql ,P 2 = -idQ a ,Qi = Qi,Q 2 = Q 2 , 
other fundamental brackets vanishing. A corresponding quantum canonical 
transformation (with right-Pj ordering) : 



:Q 2 P 2 , C~ X Q X C = e« /2 , C~ l Q 2 C = e^ /2 (23) 



brings the commuting quantum Hamiltonian (H) and the second quantum 
invariant (/) : 



H 



(QiA) 2 + {Q 2 P 2 f - (&AXQ2P2) + (Q1) 2 + (Q 2 ) 



(24) 



(Q 2 P 2 ) 2 (QiPi) - (Q 2 P 2 )(QiPi) 2 \ - -QlQ 2 P 2 + -QIQ1P1 (25) 

As found for a quantization of the A\ Toda system with the right-p or- 
dering, the stationary Schrodinger equations formulated in the coordinates 
an d (Qi:Q 2 ) are equivalent, via a coordinate transformation. A left-p 
ordering involves different stationary Schrodinger equations. 

One can add that a Weyl (symmetric) quantization could also be car- 
ried out similarly to the A\ Toda system. Interestingly, there also exists a 
quantum Poisson transformation : 



Pii\P 



-1 



^Q^Pn.p- 1 = ^Q^PKP- 1 = Q^P\ 2 P- 1 



Q 2 (26) 



.,, i jo n dn 1 Ad\ 1 dn 2 Ad\ 2 
with ^(p 1 ,p 2 ,(9i,Q2) given above and \l = 2 h 2 , leading to 



A 1 



A, 



H(tTi, tt 2 , Ai, A 2 ) = 7r 2 - 7Ti7r 2 + 7T 2 + A 2 + \\ 



(27) 
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The second invariant would then be written as 



I = 7T2^1 — ^2^1 — ^1^2 + (28) 

Fundamental quantum relations (non-vanishing commutators only) and 
a representation could be : 

[#!,*!] = yAi, [^ 2 ,A 2 ] = ^A 2 , (29) 

tti = -iAi<9 Al ,7r 2 = -iA 2 <9 A2 ,Ai = Ai,A 2 = A 2 (30) 

A first comment could be made that a generalization of such system through 
a symplectic form : 

_ ^tti A d\i n dn 2 A d\ 2 . 

A\ A 2 

where n is an integer ^ 1, in analogy again with the above-mentioned A\ toy 
generalizations, brings systems for which Liouville integrability may not be 
satisfied, since at the classical level : {H, I}n n ^ 0. 

Secondly, quantum canonical transformations similar to equation (12"31 
can be built for A N _i Toda systems with iV > 3 particles using a set of 
generalized coordinates of the same kind as those elected for A 2 : 
starting for instance with Jacobi coordinates. 

Finally, since no full set of rules is known allowing to translate classical 
canonical transfromations in quantum form (see [HE]), (nonlinear) canonical 
transformations to action-angle variables for such Toda systems (see [29], [30] 
[31] ) would have to be investigated each separately [27] . 

Related A 2 Toda Hierarchy 

A known Toda hierarchy is obtained via the classical r - matrix : 

3 

r = (Eij (g> Eji — Eji (g) Eij), given the matrix L in the Lax pair equation 

i>j=i 

(I17p . where however A is defined as : 

t r (on first factor in gi product) ( (L m ® l)r) 

or 

(upper triangular) J (lower triangular) J 

for any positive integer m (see [32J and references therein). 

To give an idea of difficulties that could be involved in quantizing, a 
simple hierarchy is considered in what follows, with the hope of generalizing 
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certain results of the above sections. For instance, one can look instead at 
the following set of Lax equations : 

L=[A?- 1 ,L), n= 1,2,3,... (32) 



where L and A are forming the Lax pair defined by equation ffTTj) . The Lax 
equations obtained are : 



h 

v-2 

Co 
Cl 



2 (2n- 


-2) 


1 




2 (2n- 


-2) 


1 




2 (2n- 


-2) 


1 




2 (2n- 


-1) 


1 




2 (2n- 


-1) 



(-1)(" +1 ) C 2( C 2 + C 2)(-1) 

{-mci-c\){ci+c\r^ 

(-1)^(^ + C 2)(n-D 

(-l) B («b-«i)c b (^ + ^) ( "- 1) 
(-l)>i -^(cg + c^)^- 1 ) 



(33) 
(34) 
(35) 
(36) 
(37) 



with i) + vi + V2 = 0, as expected, and n = 1,2, 3, ... 

Due to the invariance of these equations under the transformation : v a — > 
w Q + c, with a = 0, 1, 2, one can select : t>o + fi + v 2 = 0. Thus, a projection 
map is given as : 



c = e c/2 ,ci 



e^ 2 , and v = -p£, v x = -p v + p^,v 2 =Pr, (38) 



It follows that the Lax equations become : 

^ = ^-^l-l)V( e « + e^^ 
Pv 

i 
>) 



1 


2 (2n- 


-2) 


1 




2 (2n- 


-2) 


1 




2 (2n- 


-2) 


1 




2(2n- 


-2) 



-l)( w + 1 )(2^- R )(e« + e")^- 1 ) 



(39) 
(40) 
(41) 
(42) 



These equations could be derived as Hamilton equations, similarly to the A 2 
Toda system presented in the previous section : 



H = hi(L 2 ) = (pt) 2 - psp v + ( Pv ) 2 + e* + e" 



(43) 
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equipped with the Poisson brackets, all other fundamental brackets vanishing 

fea = ^(^ + ^) ( - 1) {P,M = + (44) 

A corresponding 2-form (u>) in terms of C^V^P^Pv w °uld not be symplectic, 
and Darboux coordinates could not be chosen. Nevertheless, a quantization 
could involve applying the deformation quantization approach to derive a * 
product, or attempting a set of quantum brackets modeled on the Poisson 
brackets above (equation (144"]) ) (see [6] and references therein). 

It is added that such hierarchies of Lax equations are expected to be 
derived for A N _i, N > 3 Toda systems generalizations as well, using the odd 
powers of the auxiliary matrix A . 

Generalized Nonperiodic Toda Systems 

A g/(2,R) - Toda system can be generated with the following Lax equa- 
tions : L = [P, L] ([331 [M], as Cholesky flows) : 

^ _ an «i2 

_ a 21 0-22 

where L belongs to gl(2, R). 

Equivalently, these equations can be derived via a Hamiltonian formula- 
tion using as nondegenerate invariant scalar product : < L, M >= tr(LM), 
for L, M G gl(n, R), and the R - matrix : R = n + — 7r_, where 7r + ,7r_ cor- 
respond respectively to (strictly) upper and lower triangular projections of 
gl(n, R). Using a basis Eij,i,j = 1, ...,n for gl(n,M.), where [£V/]m = SikSji, 

n 

with thus : L = J~] LijEij, a Lie- Poisson bracket can be defined as a linear 
r - matrix bracket associated to the R - matrix [33] : 

2{L lv L kl } =< [RiEj&EK] + [E jit R{E lk )],L >, (46) 

where i, j, k, I — 1, 2, n. 

For the gl(2, R) (thus n = 2) generalized nonperiodic (or open) Toda 
system discussed below, choosing the Hamiltonian : H = — tr(L 2 ) = — [a\ x + 
a\ 2 + 2ai2d2i), gives rise to the Lax equations of (145]) as Hamilton equations 

d ij = {H,a ij } (47) 



P 



a\2 
-a 2 i 



(45) 
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Note that tr(L 3 ) is functionally dependent on tr(L) and tr(L 2 ) (tr(L 3 ) = 
— (tr(L)) 3 + 3tr(L 2 )tr(L)), but tr(L) could be associated to a conservation of 
momentum by keeping a phase space description close to the A\ Toda model 
formulation with definitions : an = p\,a 22 = ^2,^12 = Oi,a 2 i = q 2 . The 
Hamiltonian (H) then takes the form : 



H 



-[(Pi) 2 + (P2) 2 }-2q iq2 



with fundamental Poisson brackets : 

r , Ql f x Q2 



{P2,qi} 



-Qi 



{P2,0 2 } 



-02 



{91,92} = 

{Pl,P2} = 



2 ' Li ^'^ J 2 
Quantum corresponding elements could be chosen as : 



(48) 

(49) 
(50) 



Pi 



Ql d q 2 d 



2 dqi 2 dq 2 



qi d q 2 d 



(51) 

where tr(L) = pi +p 2 is a constant of motion (C). A stationary Schrodinger 
equation would follow from the above defined H (1481) . 

The gl(3, M.) generalized nonperiodic Toda equations can also be obtained 
using the Hamilton equations : a\j = {H, aij},i, j = 1,2,3, and the Hamil- 
tonian : H = — tr(L 2 ), with the Poisson brackets of equation (T46 
gets expressions, here presented for any neN with i, j, k, I — 1, 



One then 
,n : 



{La, Lu} 
{Lij, L^} 
{L^, Lki} 
{L^, L^} 
{Lij, Lki} 
{L^, L^} 

{La, Lki} 
{La, Lki} 



0, 

0, 

-{5iiL k j - 5j k Lu),i < j,k < I 
0, % < j, I < k 
0, j < i, k < I 

{SiiL kj - 5jkLu),j <i,k > I 



(52) 



--(SuL ki 
-(fiuLki — 



- 5ikLu),k < I 

$ikLil), k > I 



A standard quantization prescription : {-,•} — > (h = 1) with linear 

operators instead of classical functions leaves a structure of solvable Lie al- 
gebra. One also stresses that the Poisson tensor is linear in the elements of 
L {L^). 
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A set of comments could here be made. Firstly, that transformations 
leading to action-angle variables on symplectic subspaces of the {L^} space 
can be written under certain conditions (see [33]), but that the quantum 
version appears to be more involved and could not be directly related to the 
classical expressions, as for previously mentioned canonical transformations 

HE]- 

Secondly, an infinite - dimensional representation of the n 2 - dimensional 
(solvable) Lie algebra (equation ([52]) ) in terms of operators (Ly) on an ap- 
propriate (Hilbert) space could provide a suitable quantization (see [6j and 
references therein). 

Thirdly, for gl(n,M), a * - product can be (formally) obtained on the 
Poisson manifold R n endowed with the linear Poisson bracket given below. 
The Campbell - Baker - Hausdorff (CBH) formula can then be used (36] to 
derive such a product. The structure constants could be read from 

the Poisson brackets of equation fl52|) : 

[Lij,Lki] = c (y)(H)-^rs, (53) 

for i,j, k, l,r,s— 1, n. It is recalled that the Poisson bracket was derived 
using the gl(n, R) commutation relations with the R (= ix + — 7r_) matrix. 
According to theorem (2.13) of ref. [35] ( ]math .QA/98 11174| ), the * - product 
is entirely determined by products : {Li) N * L 2 , for any Li and L 2 in the 
above Lie algebra, for N 6 N. Those brings sums with Bernoulli numbers 
and adjoint actions of the Lie algebra in the * - products [36]. Presenting 
such sum does not appear to be much of interest for now (a fortiori in a 
communication which is meant to be short). 

Finally, one can mention that instead of the full gl(n, R), a system in- 
volving only sl(n, R) could be considered, since an element L = L + ll n of 
gl{n. R) would lead to the Lax equations : L$ = [M, Lq] and I = 0, with an 
unchanged R - matrix : R = tv + {Lq) — 7r_(Lo). 

As for the use of quantum groups, it can be added that quantum R - ma- 
trices are expected from the knowledge of a r - matrix and that a relation to 
a * - product might be possible via explicit expressions for twisting elements 
[HI [10], which infinitesimally would bring back (as K — > 0) the r - matrix. 
Here, r is solution to the modified Yang-Baxter equations, r is then also said 
to be quasi-triangular. A Lie-Poisson structure can be introduced on gl(n, R) 
(seen as an Abelian Lie group under addition) via the Lie-Poisson bracket : 

{fi, f 2 } R =< [R(dfi(0), df 2 (0} + [dA(0, iWa(0)U > (54) 
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where f belongs to gl*(n,R) and f u f 2 E C°°(gl*(n, M)) [IE]. 

It is known that a quantization of a Lie bialgebra defined with the matrix 
r exists [11]. A deformed associated co-product using a twisting element 
would be of interest in deriving an associated * - product [TH 137] . 

It is added that in particular for sl(n), quantum R - matrices can be 
derived for [3S] sl(n) A sl(n) valued quasi-triangular r - matrices. 

It would be interesting to compare * - products obtained, but this is not 
an objective in the present article. 

Conclusion : 

Properties of the quantization of open (non-periodic) Toda models have 
been discussed in this short communication. Quantum realizations, using 
Schrodinger equations, of ordinary (classical finite) A\ and A 2 Toda systems 
have been shown to be related via quantum "canonical and Poisson" trans- 
formations, with similar relations holding for open Toda systems with higher 
number of degrees of freedom, conjectured to follow. A formulation of a 
hierarchy of related systems has also been probed with respect to similar 
constructions, but obstructions arose for these particular systems, suggest- 
ing the use of different approaches for their quantizations. Finally, gl(n, M) 
generalized Toda systems were discussed from the viewpoint of deformation 
quantization and quantum groups. A * - product has been mentioned in 
the deformation quantization approach and difficulties with respect to the 
quantum group formulation mentioned. 

As a future development, it would be for example of interest to consider a 
second step in the deformation quantization approach by associating (Hilbert 
space) operators to realize a * - product of the gl(n, M) generalized Toda sys- 
tems. Properties and aspects of "quantum Poisson" transformations could 
also form the object of further studies for different systems, together with 
investigations of the equivalence of quantum systems under such transforma- 
tions. 
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